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Abstract. Let A be a Delzant polytope in R" and b g Z". Let E denote 
the symplectic fibration over determined by the pair (A, b). We prove the 
equivalence between the fact that (A, b) is a mass linear pair (D. McDuff, 
S. Tolman, Polytopes with mass linear functions, part I. arXiv : 0807 . 0900 
[math . SO] ) and the vanishing of a characteristic number of E in the following 
cases: When A is a A„_i bundle over Ai; when A is the polytope associated 
with the one point blow up of CP"; and when A is the polytope associated 
with a Hirzcbruch surface. 
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1. Introduction 

Let T be the torus (17(1))" and A — A(n, k) the polytope in i* with m facets 
defined by 

m 

(1.1) A(n, fc)= p\{xel* : {x,n,)<kj}, 

where kj G M and the nj G t are the outward conormals to the facets. The facet 
defined by the equation {x, rij) — kj will be denoted Fj, and we put Cm(A) for 
the mass center of the polytope A. 

In [5] is defined the chamber Ca of A as the set of k' E K™ such that the polytope 
A' := A(n, k') is analogous to A; that is, the intersection Hj^jFj is nonempty iff 
Dj^jFj ^ for any J C {1, . . . , m}. When we consider only polytopes which belong 
to the chamber of a fixed polytope we delete the n in the notation introduced in 

m- 

Further McDuff and Tolman introduced the concept of mass linear pair: Given 
the polytope A and b G t, the pair (A, b) is mass linear if the map 

k G M'" ^ (Cm(A(fc)), b) G M 

is linear on Ca- 

Let (TV, ^l) be a closed connected symplectic 2n-manifold. By Ham(A'', fJ) we 
denote the Hamiltonian group of {N, 0], [|]. If i/i is a loop in Ham(iV, O), then 
V' determines a Hamiltonian fibre bundle E ^ S'^ with standard fibre N via the 
clutching construction. In [3] various characteristic numbers for the fibre bundle E 
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are defined. These numbers give rise to topological invariants of the loop ip. In this 
note we will consider only the following characteristic number 



where VTE is the vertical tangent bundle of E and c G H^{E, M.) is the coupling 
class of the fibration E ^ S"^ [2], [4]. depends only on the homotopy class of 

the loop if]. Moreover the map 



is an M- valued group homomorphism [3] . 

Let us suppose that A is a Delzant polytope. We shall denote by (Ma, wa, A'a) 
the toric manifold determined by A (/iA '■ M —> t* being the corresponding moment 
map). Given b, an element in the integer lattice of t, we shall write V'b for the 
loop of Hamiltonian diffeomorphisms of (Ma, uja) defined by b. The bundle with 
fibre Ma determined by ■i/'b will be denoted E'A.b, and we will let /(A; b) for the 
characteristic number /(V'b)- When we consider only polytopes in the chamber of 
a given polytope, we will write I{k; b) instead of J(A(fc); b) for k in this chamber. 

In Section 2 we study the characteristic number I{k; b), when (A, b) is linear 
pair and k varies in the chamber of A, and we prove that I{k; b) is a homogeneous 
polynomial of ten kj (see Proposition [4]). 

In Section 3 we consider the case when the polytope A is a Ap bundle over Ai 
with p > 1 [5]. Then Ma is a 2(p + 1) -dimensional manifold diffeomorphic to the 
total space of the fibre bundle P(Li © ■ • ■ ® Lp © C) CP^, where each Lj is a 
holomorphic line bundle over CP^. Given b £ Z^"*"^, we prove that I{k; b) is the 
product of two factors, K. and -^(b), such that the first one is independent of b 
and the second one is independent of fc € Ca (Theorem [T0|) . We also prove the 
equivalence between the vanishing of Z{h) and the fact that (A, b) is a mass linear 
pair (Theorem [TT|) . As a consequence we deduce that a necessary and sufficient 
condition for the vanishing of /(fc; b) on Ca is that (A, b) be a mass linear pair 
(see Theorem [T2l) . From this theorem we will deduce that ip-t, generates an infinite 
cyclic subgroup in 7ri(Ham(AjfA)), if the pair (A, b) is not mass linear (Proposition 



The case when the polytope A is the one associated with a Hirzebruch surface 
is considered in Subsection 14.11 Using calculations carried out in [7| , we will prove 
the equivalence between the vanishing of /(A; b) and the fact that (A, b) is a mass 
linear pair (Theorem [17|) . In a Remark we give a general proof, based in general 
properties of the characteristic number /, of the implication: (A, b) is a mass linear 
pair =4> J(fc; b) vanishes on the chamber of A. The arguments developed in this 
proof are applicable to other polytopes; for example to the polytope associated with 
the one point blow up of CP" (see Proposition [20]). 

In Subsection 14.21 we consider the polytope A associated to the manifold one 
point blow up of CP". We also prove the equivalence: /(fc; b) = for all fc G 
Ca <^=^ (A, b) is a mass linear pair (see Theorem . As a consequence we 
deduce a simple sufficient condition for tp^, to generate an infinite cyclic subgroup 
in 7ri(Ham(A/A)) (Proposition [23]) . 

In summary, we prove the equivalence between the vanishing of /(fc; b) for all 
fc G Ca and the property of (A, b) being a mass linear pair, in the following cases: 
When A is a Ap bundle over Ai, when A is the trapezoid associated to a Hirzebruch 



(1.2) 




(1.3) 



/ : V e 7ri(Ham(iV)) ^ /(V') G K 



[13. 
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surface, when A is the truncated simplex associated to the one point blow up of 



In the proof of the mentioned results plays a crucial role a formula for the char- 
acteristic number liipb) obtained in 8 . This formula gives I{ijjb) in terms of the 
integrals, on the facets of the polytope, of the normalized Hamiltonian correspond- 
ing to the loop Vb (see 

Let (A, b) be a pair consisting of a Delzant polytope in t* and an element in 
the integer lattice of t. In view the above results one is tempted to conjecture the 
equivalence between the following statements 

a) I{k; b) = for aU A: e Ca- 

b) (A, b) is a mass linear pair. 

We think that a possible proof of this conjecture using formula (j2.1|) will probably 
involve general properties, valid for all Delzant polytopes, about Cm(A) and the 
mass center of the facets Fj. 

Acknowledgements. I thank Dusa McDuff and Susan Tolman for sending me a 
working draft of the paper [5] and for comments. 

2. A CHARACTERISTIC NUMBER 

Let us suppose that the polytope A defined in (jl.ip is a Delzant polytope in t*. 
If b is in the integer lattice of t, an expression for the value of I{iph) in terms of 
integrals of the Hamiltonian function has been obtained in Section 4 of [8] 

(2.1) /(A;b):=/(7/^b) = -n^ / /(c^a)"-\ 



-1 



where Dj := fi^ (Fj) is oriented by the restriction of o^a, and / being the normal- 
ized Hamiltonian of the corresponding circle action; that is, 

/ = (ma 7 b) + constant and / / (i^a)" = 0. 

That is, 

(2.2) /(A;b) = n^((Cm(A),b) (c^a)""^ - (ma7 b) (c^a)"-^) 7 



where 

(2.3) (Cm(A), b) = 



/m(ma7 b) (wa)" 



/a/('^a)" 

If A = A(n, k) we consider the polytope A' = A(n, k') obtained from A by the 
translation defined by a vector a of t*. As we said, we write /(fc; b) and /(fc'; b) 
for the corresponding characteristic numbers. According to the construction of the 
respective toric manifolds (see [T]), 

A^A' = Ma 7 t^A' = WA7 MA' = MA + a. 

But the normalized Hamiltonians / and /' corresponding to the action of b on 
Ma and Ma' are equal. Thus it follows from (PTT|) that /(fc; b) = I{k'; b). More 
precisely, we have the evident proposition 

Proposition 1. // a is an arbitrary vector of t* , then I{k; b) = I{k'; h), for 
k- = h + {a,ni), i = l,...,m. 
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Following [T] we recall some points of the construction of (Ma, to a, ^J■A) from 
the polytope A defined by (ll.ip . in order to study the value of the integrals that 
appear in (|2.2p and (|2.3p . Given A, we put r m — n and T := {S^Y . The 
determine weights Wj & t* , j = 1, . . . ,m for a T-action on C™. Then moment map 
for this action is 

m 

J:ze C™ ^ J{z) ^TT^\zjfwj £ t*. 

The ki define a regular value a for J, and the manifold M is the following orbit 
space 

m 

(2.4) Ma = {z e C" : tt^ jz^f w^- = cr}/f , 
where the relation defined by T is 

(2.5) (zj) ~ (zp iff there is y e t such that z'^ = Zj e^"^"'^^^^ for j = 1, . . . , m. 

Identifying t* with M'', u = (cri, . . . , (7^) and each <Ta is a linear combination of 
the fcj's. 

After a possible change in numeration of the facets, we can assume that i^i, . . . , _F„ 
intersect at a vertex of A. If we write zj = pje^^^ , then the symplectic form can be 
written on {[z] G M : / 0, Vi} 

n 

(2.6) OJA = (1/2) J2 dpi A d^,, 

1=1 

with (fi an angular variables, linear combination of the Oj^s. 
The action of T = {S^Y on M 

(ai, . . . , q;„)[zi, . . . , Zm] := [aiZi, . . . ,a„z„, z„+i, . . . , z„] 

gives M a structure of toric manifold. Identifying t* with R", the moment map 
AtA : Ma ^ t = M" is defined by 

^a([z]) = 7r(pi, ...,pI) + {di, . . .,dn), 

where the constants di are linear combinations of the kj 's and 

(2.7) im^A = A. 

By Proposition [T] we can assume that all dj are zero in the determination of 
J(fc; b). 

We write Xi := npf, then 

/ {lliaY ^ n\ / dxi...dxn, / {pA, '^){'^aY ^ / dxi . . . da;„. 

JMa "'A J Ma J a .j^^^ 

The following Lemma is useful to evaluate some integrals which will appear 
henceforth. 

Lemma 2. // 

n 

) e M" I ^ < T, < Xj, Vjj, 
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then 

TV, if f 



f{xi, . . .,Xn) dxi... dXn = { Ct^^t^ , i/ / = x ■ , c = 1 , 2 

S„(r) 

Tl+2 

, (n+2)! T '^f f ~ ^i^j^ ^ ^ j- 

More general, if ci, . . . , € M>o, we put 

n 

S'„(c,t) . . . ,a;„) G M" | ^CiXi < r, < x^, Vjj, 

1=1 

then 

/" 1"t/' 1 t " t 

(2.8) / dxi . . .dxn = — TT — , / Xj dxi . . .dxn = — — rTr~TT~ 

JsUc.r) ril a 7s,.(c,r) (n + 1)! Cj a 

Thus, in the particular case that A = S'„(c, t), then J^_j^{ijJaY^ is a monomial of 
degree n in t, and (/iA, b)(a;A)" is a monomial of degree rt + 1. 

We return to the general case in which A is the polytope defined in Its 
vertices are the solutions to 

(x, Wj^ ) = kj^, a = 1 , . . . , n, 

hence the coordinates of any vertex of A are linear combinations of the kj. 

A hyperplane in R" through a vertex [x^, . . . ,x^-^) of A is given by an equation 
of the form 

(2.9) (x, n) = n) =: k. 

So K is a linear combination of the kj . 

By drawing hyperplanes through vertices of A we can obtain a family { pS} of 
subsets of A such that: 

a) Each pS is the transformed of a simplex S'„(6, t) by an element of the group 
of Euclidean motions in R" . 

b) For a ^ fi, qS* n /jS" is a subset of the border of aS. 

c) pS = A. 

So, by construction, each facet of pS is of the form (j2.9p with k linear combination 
of the kj. 

On the other hand the hyperplane tt, (x, n) — k, is transformed by an clement 
of SO{n) in an hyperplane {x, n') — n. If T is a translation in E" which ap- 
plies Sn{b,T) onto pS^ then this transformation maps (0, ... ,0) in a vertex a = 
(fli, . . . , a„) of pS. So the translation T transforms tt in {x, n) = k + (a, n) =: k' . 
As the aj are linear combinations of the kj , so is n' . Hence any element of the group 
of Euclidean motions in R" which maps Sn{b, r) onto pS transforms the hyperplane 
TT through a vertex of A in an hyperplane (x, n') — k' with k' a linear combination 
of the kj . In particular, r is a linear combination of the kj , and by 



/ dxi . . . dxn = / dxi . . . dxn 

J^S Js„{b,T) 
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is a monomial of degree rt of a linear combination of the kj. Thus, 

/ (wa)" = / dxi...dxn, 
Jm p J gS 



is a homogeneous polynomial of degree n of the kj . 
Similarly 

(AiA,b)(c.Ar 



'Ma 

is a homogeneous polynomial of degree n + 1 of the kj . Analogous results hold for 
/^^.(^a)"-i and J^^{^^A, b)(^A)"-^ 

It follows from (|2.2p . (|2.3p together with the preceding argument the following 
proposition 

Proposition 3. Given a Delzant polytope A, if b belongs to the integer lattice of 
t, then I(k; b) is a rational function of the hi for k € Ca- 

Analogously we have 

Proposition 4. // (A, b) is mass linear pair, then I(k; b) is a homogeneous poly- 
nomial in the ki of degree n, when k G Ca- 

Proposition 5. If for the polytope A defined in U.l\) n^ = — n,, with i ^ a, and 
(A, b) is a mass linear pair, then I(k; b) is a polynomial divisible by ka ~ ki. 

Proof. Given k G Ca, maintaining ka fixed we vary k so that k e Ca and ki — s- ka- 
In the limit A collapses in the facet Fa. As (A, b) is mass linear 

(2.10) lim (Cm(A), b) = {Cm{Fa), b). 



where 

(2.11) (Cm(F„), b) = 



We write ((^ as 

m 

(2.12) I{k;h)^nJ2Sj, 
with 

£, = (Cm(A), b) / {ujaT-' - I (ma, b) {uaT-\ 

JDj JDj 

In this limit process the facet Fa remains unchanged, so by (|2.10|) and (|2.1ip 

(2.13) lim = (Cm(F„), b) / (^a)""' - / (a^a, b) (l^a)""' = 0. 

On the other hand, the facets Fj, with j ^ a give rise, in the limit ki ka, to 
a subdivision of Fa (in Remark after Theorem [T7] is detailed this subdivision in a 
particular case). Hence 

(2.14) hm ^ / (^a)"-^ = / 

(2-15) lim I (/^A, b) (^a)"-^ = / (/M, b) (c.a)"-^ 
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^ 0. 

-Da 



From ((TTOl) . (|2l4l) . dTTS]) and ([2ll|) it follows 
(2.16) lim = (Cni(i^J,b) / (wa)""^ - / (ma, b}(a;A 

We deduce from ((2l3l) and ([2l6l) that linifc^^fc^ I{k; b) = 0. That is, /(fc; b) is 
divisible by fc^ — fc^. □ 

3. Ap BUNDLE OVER Ai 

Given the integer p > 1, following [5] we consider the following vectors in Rp+^ 
(3.1) 

p p 
ni = -a, i = 1, . . . ,p, np+i=^ei, np+2 = -Cp+i, np+3 = ep+i - ^ a^ei, 

where ei, . . . , e^+i is the standard basis of and ai G Z. We write 

p 

a := (ai, . . . , Up) e Z-^, ^ a^. 

1=1 

Let A, T be real positive numbers with A + > 0, for i = 1, . . . ,p. We will 
consider the polytope A in (Rp+^)* defined by the above conormals and the 
following ki 

fci = ■ • • = fcp = fcp+2 = 0, kp+i = T, fcp+3 = A. 

The polytope A is a Ap bundle on Ai (see [S]). When p = 2, A is the prism 
whose base is the triangle of vertices (0, 0, 0), (r, 0, 0) and (0, r, 0) and whose ceiling 
is the triangle determined by (0, 0, A), (r, 0, A + air) and (0, r, A + a2T) 

We assume that the above polytope A is a Delzant polytope. The manifold (|2.4p 
is in this case 

p+i p 
Ma = {ze : ^ |z,f = r/vr, -^a,|z,f + |zp+2|' + Izp+gl' = A/tt}/ ~, 

4=1 i = l 

where (zj) ~ (z^) iff there are a, /3 £ t^(l) such that 

Zj =aP^'^'Zj, j :^l,...,p; z'p^^^azp+i; z^ ^ Pzk, k = p + 2, p + 3. 
The symplectic form (|2.6p is 

= (l/2)(a-i H h CTp + crp+2), 

where ak = dp^ A dipk ■ 
And the moment map 

(3.2) ^a(N) =7r(p?,...,p^, p2^2)- 

Thus Ma is the total space of the fibre bundle P(Li ® • • • ® Lp ® C) CP\ 
where is the holomorphic line bundle over CP^ with Chern number Oj. 

Given b = (61, . . . , 6p, 0) G we write 

p p 
B:=^bj, a-b:=^aj6j. 

i=i i=i 
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Proposition 6. Let h = (61, . . . , 6p, 0) he an element of , then 

(3.3) (Cn.(A), b) ^ _^A(p + 2)B + .(AB + a.b)^ 

^ ' ^ ^ ^' ' p + 2 A(p+1) + tA 

Proof. By Lemma [2] 

L ^ " " S ^ + "<7f + (F^T^) ■ 

Similarly, for k ~ \, . . . ,p 



' (p + 2)! 



So the fc-th coordinate of Cm(A), Xk, is 

_ _ r \{p + 2)+T{A + ak) 
" p + 2 A(p +1) + tA 

So 

r A(p + 2)B + r(AS + a-b) 



(Cm(A), b) 



p + 2 A(p+l) + ryl 



□ 



Theorem 7. Let b = (61. . . . , 6p, 0) he an element of JF^^ . For all for all t > 

and all A with A + a.^ > 0, 

/(A,r; b) =/C(A,r)i, 

w/iere 

rP+l 



1 anrf Z = 2((p+l)a-b-^B). 



Proof. We write 

-, P+3 

(3.6) ^) = E ((Cm(A), b)$, - $;), 

where 

•f, := / M^, / {l^A,h){ujAr. 

Jzj=0 J Zj=0 

To calculate the values of the $i, we will distinguish three cases, according to 
the value of i: 

a) i = 1, . . . ,p 

b) i=p+l 

c) i = p + 2, p + 3. 

We will also respect this classification in the calculation of the <i>^. 
a) We calculate the value of $1. On zi — 

p ' 

(wa)^ = ^ (ct2 A • • • A CTp A ap+2) ■ 



If we put Xi :— Trpf, then 



(3.7) — 7<i>i = / dx2 / dx^ . . . dxp / dx 

p! Jo Jo Jo Jo 
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It follows from Lemma [2] 

For k = 1, . . . ,p, a similar calculation gives 

b) Next we consider Now a;p+i =0. So = r — ^-iid 

p-i 

— o,jp^j ~ OpT + a;p-|_2 + a;p+3 = A, with Ujp :— aj — Up. 

Hence 

1 /" XtP~^ tP 

(3.9) -cl>,,, = (A + g a,.) = + 

Thus, it follows from (El]) and (E^) 

p+3 

(3.10) = (2+M)rf +p(p+1)AtP-i 
Next we determine the values of the 

a') On Zk = 0, with fc = 1, . . . ,p, (/iA W, b) = X^f^^fe ^i^i- Then 
By Lemma [2] 



6y Using the notation introduced in b), 

p-i 



^ip'^i ~^ bpT \ , 



with hip := 6i — fep. Lemma [2] and a straightforward calculation give 
(3.12) = ArPB + (a • b + AS) 

BrP+i 



p+ 1 



= $;+3 - ^ 
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From this last result together with (|3.11|) and ()3.12p it follows 

, . _p+i 



(3.13) ^'j = ^^^^ + {(P + l)a • b + (p - 1)AB + 2B 



p+l 



Taking into account p.6p . Proposition [S] p.l3p and p.lOp . by means of an easy 
but tedious calculation one obtains 

If we define Z and /C(t, A) as in the statement of theorem, then (|3.14p can be 
written /(A, b) = /C(t, X)Z. 

□ 

We write b for the element (0, . . . , 0, 6) G Z^+i. 
Proposition 8. Given b = (0, . . . , 0, 6) £ Zp+^ then 

(3.15) (Cm(A), b) = + + 2^^' + + 2)^^^ + • ^ + 



2 (p + 2)((p+1)A + At) 

where a • a = of . 

Proof. We need to calculate /^^ hxp+20J^^^ ■ By Lemma [2] 



_b^X^ 2AXtP+^ (a-a + yl^)TP+^ 
"2Vi;r^ (p+l)! + ^7+2)! 

Formula p.isp is a consequence of p.4p together with (|3.16p . 



□ 



Theorem 9. Let b = (0, . . . , 0, 5) be an element of TP^^ . For all for all t > and 

all A with A + a,; > 0, 

/(A,t; b)-/C(A,T)i, 

where 

and /C(A,t) is defined as in i3.5]) . 
Proof. As in the preceding theorem 

-, P+3 

(3.17) ((Cm(A), b)$, - $;). 

The $j in (|3.17p as the same as in p.6p . But now (/i, b) = We will follow 

the same steps as in the proof of Theorem [7] for calculating the $^ . 

a') The corresponding <i>J, — b)ijj^' can be calculated as in Theorem[7l For 

k — 1, . . . ,p one has 

— $'=- - 77 + 2 — r> a, + 2- > a, + -7 > a^aA. 
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b') Now 

Iw fo/AVP-i 2XtPA (a-a + A2)rP+i 



p\ 2\{p-l)\ pi 

c ') In this case 

If we insert in p.l7p the values for the $j obtained in the proof of Theorem [3 
the above values of the and (|3.15p we arrive to /(r, A; b) = /C(A, t)Z. 

□ 

Given b = (foi, . . . , 5p, 6) £ 2^*+^, we write b = . . . , 5p, 0) and b := b — b. 
We put 

(3.18) Z(b) (p + l)(a ■ (2b + &a)) - A{2B + bA), 

that is, Z = Z + Z. It follows from (|2.2p that /(r, A; b) is a group homomorphism 
with respect to the variable b. By Theorem [7] and Theorem [9] one has 

Theorem 10. If h ^ {bi, . . . ,bp,b) e then 

/(t,A; b) =/C(A,T)Z(b), 
where Z(b) is given by \3.18\} . 

This theorem expresses the value of /(t, A; b) as the product of two factors. K, 
is independent of the Hamiltonian loop, it depends only of A, r. On the contrary, 
the factor Z is constant on the chamber of the polytope. 

Let b = b + b be as before, since (Cm(A), b) = (Cm(A), b) + (Cm(A), b), by 
(031) and (PJ5)) 

b (a-a + A2)T , (a-b + AB)r 
lim(Cm(A), b) — — — . 

A^o^ V ^ / 2 (p + 2)A (p + 2)A 

lim(Cm(A), b) = ^. 

Therefore, (A, b) is a mass iff 

,^ bA /b(a-a + A2) (a-b + AB)\ 

^'■''^ - T + (2 + SfW)^ 

If we insert in the equation (|3.19p the expressions for (Cm(A), b) and (Cm(A), b) 
given by (j3.3[) and (|3.15p we obtain the following equivalent condition for the pair 
(A, b) to be mass linear. 

, , ^ bA(p + 2) / b(a. ■ a. + A'^) AB + a-b\, 
(3.20) Bip + 2) + bA{p + 2) = ^2 + + A ) + 

That is, 

^(^l!^fcll^.(p+l)a.b-AR 

Taking into account the definition of Z given in (|3.18p we can state the following 
theorem 

Theorem 11. //b G Z^+^, then (A, b) is a mass linear pair iff Z{h) — 0. 
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A consequence of Theorem \TU\ and Theorem [Tl] is the fohowing result 

Theorem 12. Assume that the Delzant polytope A is a Ap bundle over Ai. Given 
b G ZP+^, then the pair (A,b) is mass linear iff the the characteristic number 
I{k; b) of the Hamiltonian fibration i?A(fe) b ^ is zero for all k in the chamber 
of A. 

Given A and t, the map b G i— > /(A, r; b) e R is a group homomorphism. 
By Theorem [To] its kernel is U := {h\ Z(b) = 0}. 

Taking into account (jl.3p . if b ^ H then 1 ^ e tti (Ham(MA))- So we have 
the following Proposition 

Proposition 13. If {A, b) is not mass linear, then iph generates an infinite cyclic 
subgroup in 7ri(Ham(MA))- 

In particular b = (6i, . . . , 6p, 0) belongs to Ti. iff 

(3.21) ^6,((p+l)a,-^a,) =0. 

j=i 1=1 

We put Cj {p + l)aj - X^Li If (^ii ■ • ■ : ^p) 0; t^ien c := (ci, . . . , Cp, 0) 
does not satisfy (|3.2ip . Thus one has the following corollary 

Corollary 14. // (ai, . . . , a^) ^ (0,...,0), t/ien [ips] generates an infinite cyclic 
subgroup o/7ri(Ham(MA))- 

Analogously 

Corollary 15. // (ai, . . . , a^) ^ (0, . . . , 0) and b = (0, . . . , 0, b) ^ 0, t/ien [V'j,] 
generates an infinite cyclic subgroup o/ tti (Ham(MA))- 



4. One point blow up of CP". 

4.1. Hirzebruch surfaces. Given k G Z>o and r, A S E>o with a :— t — kX > 0, 
we consider the Hirzebruch surface M determined by these numbers. M is the 
quotient 

{zeC^ : |zi|2 + fc|z2|' + |z4|'=r/^, |z2|' + Nal' = A/7r}/T, 

where the equivalence defined by T = (S^)^ is given by 

(a, 6) • (zi,Z2,Z3,Z4) = (azi,a''6z2,fe^3,a^4), 

for (a, b) G (5^)^. (The definition of Hirzebruch surface given in [T can be obtained 
exchanging zi for Z2 in the above definition.) 

The manifold M equipped with the following ([/(l))^ action 

(ei, e2)[zj] = [eizi, €2^2, ^3, Zi], 

is a toric manifold. The corresponding moment polytope A is the trapezium in 
with vertices Pi — (0,0), P2 = (0, A), P3 — (r, 0), P4 = (cr. A). The mass center of 
A is 

^ .AN /3t2 -3fcTA + fc2A2 3AT-2fcA2N 

^'^(^^ = ( 3(2r-fcA) ' 3(2r-fcA) )- 
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Given b ~ (61, 62) G the pair (A, b) is mass hnear, iff there exist A, B, C £ M 
such that 

(Cm(A), b) = At + BA + C, 
for aU (r, A) in the chamber of A. From this condition one deduces the foUowing 
proposition 

Proposition 16. A necessary and sufficient condition for (A, b) to be a mass 
linear pair is 2&2 = kbi. 

Remark. The condition 262 — kbi can be expressed in terms of concepts intro- 
duced in [5]. The facets P1P2 and P3P4 of A are equivalent (according to Definition 
1.11 of [S]). Thus, if 262 = kbi, then b is inessential (see Definition 1.13 in [S]). 

We denote by (pt the following isotopy of M 

(l)t[z] = [e^"*zi, 22,23,24] • 
is a loop in the Hamiltonian group of M . By 0' we denote the Hamiltonian loop 

4)'t[z] = [zi, e^''**Z2, Z3, Z4]. 
In Theorem 8 of [7] we proved that 7(0') = {~2/k)I{<f>). If b = (61, 62) e Z^ then 

/(V'b) = bil{^) + 62/(0') = (61 - (2/fc)62)/(0). 
From Proposition [TBI one deduces the following theorem 

Theorem 17. The pair (A, b) is mass linear iff = 0. (Equivalently I{t, A; b) = 

for all (r, A) in the chamber of A.) 

Remark. We will deduce the vanishing of /(r. A; b) on Ca when (A, b) is mass 
linear, by an indirect way; that is, without calculating the integrals of (|2.2p . 

If (A, b) is a mass linear pair, /(t, A; b) is a homogeneous polynomial of degree 
2 in T, A, by Proposition [H That is, 

(4.2) /(T,A;b) = CiA^ + C2AT + C'3r2. 

Fixed T, if A ^ 0, then A converts into the segment [0, t], and liniA^o Cm(A) = 
(t/2, 0). In the limit, the facets of A give rise to the segments 

Fi = [0, r], F2 = [0, a], F3 - [a, r], 

on the axis of abscissas. So limA^o /(''', ^] b) is the sum of the contributions of 
Dj — ^^^{Fj), j = 1,2,3 (see ()2.1|) V As ^2,^3 is a decomposition of Fi, then 

3 

f(^A, 

and limA^o I{t, A; b) = —4 foJA- On the other hand 

f I'b 

/ fi^A = / xbidx —T = 0. 

Jdi Jq 2 

Hence limA^o /(t, A; b) = 0, and C3 in (14. 2p is zero. This result can also be deduced 
from Proposition [HI 

Now let us assume that fc = 1. We denote by A'(t) the triangle of vertices (0, 0), 
(0,r), and (t, 0); the corresponding toric manifold is CP^. As Ilam(CP^) has the 
homotopy type of PU{3), the group homomorphism / : tti (Ilam(CP^)) ^ M is 
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For A >> 1 and < cr << 1, the difference between tlie pofytopes A(t, A) and 
A'(t) is a triangle with smaU sides. Thus, by formula ()2.2p for the characteristic 
class /, the expression |/(t, A; b) — /(A'(t); b)| will be as small as we wish, if A is 
big enough and a is sufficiently small. As /(A'(r); b) = 0, we conclude that 

liniA^co; o-^o I{\ t; b) = 0. 

If we take a — a/A, with a an arbitrary positive number, then 

= \im^^oo{{Ci+C2)X^ +aC2). 

That is, d = 0; and by (g^l), (t. A; b) = on the chamber of A. 

4.2. One point blow up of CP". The mass center of the simplex S'„(t), defined 
in Lemma [21 is the point 

(4.3) Cm(5„(r)) = -^w, 

with w — (!,...,!). So any pair (5„(t), b) with b e Z" is mass linear. Moreover, 
if we write 

n+l n+1 

(1/n) /(^„(t); b) = (Cm(^„(r)), b) ^ '^'j " E ^'v 

3=1 i=i 



here 



Hence 



(Cm(5„(r)), b) E = ^" E ^» = E *r 

j=i j=i i=i 

We have the following proposition 

Proposition 18. The invariant /(S'„(t); b) is zero for all t and all b £ Z. 
In this subsection A will be 

n 

(4.4) A= |(xi,...,a;„) G M" | ^ < r, < x,, 2;„ < a}, 

i=l 

where t, A G M>o and a := r— A > 0. That is, A is the polytope obtained truncating 
the simplex Snij) by a "horizontal" hyperplane through the point (0, . . . , 0, A). 
As the volume of Sn{T) is jnX^ it follows from (|4.3p 

(r" - a") Cm(A) = r" ^— - a" (-^w + A e„) . 

n+l n+l 

That is, 

(4-5) Cm(A) . ___((__^),.- Aa"e„). 

The pair (A, b = . . . , 6„)) is mass linear iff there exist A, B, C G M such that 

n+l _ n+l , n+l _ n+l , 

j=l 
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for all T, a "admissible" . A straightforward calculation proves the following propo- 
sition 



Proposition 19. The pair (A, b) is mass linear iff 

n-l 



^ 71 — 1 

6„ = - bj 
n ^ 

i=i 

The manifold Ma associated with A is the one point blow up of CP". On the 
other hand, the general arguments showed in the Remark after Theorem [IT] allow 
us to prove following Proposition 



Proposition 20. Let A he the polytope \4-4^ j */ (^i b) is a mass linear pair, then 
I{t,X; h) = on C a- 

Proof. By Proposition g I{t, A; b) = Y.7=o BiX^-^rK From g^]) one obtains 

T 

limA^o Cm(A) — —w, 
n 

with w = {1, . . . ,1, 0). Hence the contribution of the base F := {x G A \ x„ = 0} to 
limA— »o I{t, A; b) is proportional to 

n — 1 p p n — 1 

On the other hand, the other facets Fi of A different from the base F give rise 
to a decomposition of F in the limit A ^ 0. Thus, with the notation of p.ip . 

limA^o E / = / 

where Di ii^^{Fi) and D := fi^^{F). By (|4.6p this limit vanishes. It follows 
from (23) that limA^o /(t, A; b) = 0. So 

ri-l 

/(r,A; b) = ^B,A"-V. 

1=0 

For A >> 1 and < ct << 1, the difference between the polytopes A(t, A) and 
S'„(t) is a polytope with small edges. Thus, |/(t. A; b) — J(S'„(r); b)| will be as 
small as we wish, when A is big enough and a is sufficiently small. By Proposition 
MHSnir): b) = for aU t. Hence, limA^oo; ^^o I{t, A; b) = 0. 

We take a = A^^/"; from 



0= lim y B,A"-'(A + A-i/")\ 

A— »oo ^ — ^ 

i=0 

one obtains a homogeneous system of n linearly independent equations 

Bo + --- + Bn-i=Q, Bi + 2B2 + --- + (n-l)S„_i = 0, ... ,B„_i=0, 

for the n constants. So Bj — 0, and /(r. A; b) = on Ca- Q 

Next we will prove the reciprocal proposition of the preceding one. We denote 
by Fj the facet of A defined by a;j = 0, for j = 1, . . . , n; Fn+i will be the "ceiling" 
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Xn = X and Fn+2 the facet xi + ■ ■ ■ + Xn — t. We write as above 

n+2 n+2 

(4.7) -/(r, A; b) = (Cm(A), b) Y.'^^ ~T. '^'v 



n 

j=i j=i 



with $j = 1, $^ J2i f^i^i- By Lemma H 



Thus we have 

n+2 

(4.8) ^$j = (n + l)r"-i + (l-n)a""i. 

If b = b= (6i,...,5„_i,0), by ^ 



(Cm(A), b) = ^ ^^'7. T E^^- 



n + 1 t" - cr" 

j=i 

Similarly, 

n+2 n-1 



1 ^ -| ft J. 

(4.9) ^$;__(nr" + (2-n)a")^6, 
j=i i=i 

If we put e := cr/r, it follows from (gUD and (g^ 

1 ?T. 7T. — 1 ^ 

(4.10) ;^^(-^A;b) = --^^E^.+0(.'^)- 

i=i 

Next we determine /(r, A; b), when b = (0, . . . , 0, 6„). Now 

n+2 

E <fj = &n^"(l + (1 - + - 2)e") 

i=i 



and 



Hence 



(Cm(A), b) = hn^{l - ^) + 0(6"+i). 
n + 1 n + 1 



(4.11) ^^(^'^^'^)-^";^^(;fT^ + ^(^") 

Now, if b = (6i, . . . , 6„), it follows from Hj^J^i . 

(4.12) -/(r. A; b) = (n6„ - ^ b,) \ ' + 0(e"). 
n! V /n+l(ri — 2)! 

j=i 

From (|4.12p together with Proposition [TOl we deduce the following proposition 



Proposition 21. //A is f/ie polytope anrf /(fc; b) = /or aZ/ fc G Ca, then 

(A, b) is a mass linear pair. 

Propositions [201 and [21] imply the following theorem 



Theorem 22. // A is the polytope {4-4-% then (A, b) is a mass linear pair iff 
I{k; b) = for all k e Ca- 
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It follows from Theoreni[22l together with Proposition[T9]and the homomorphism 
()1.3p the following proposition 

Proposition 23. Ifh~ (61, ... , 6„) £ Z" and 7^ "-^n^ then iph generates 

an infinite cyclic subgroup in 7ri(Ham(MA)). 

Remark. When n — 3 the toric manifold AI corresponding to A is 

where the action of T = (J7(l))^ is defined by 

(4.13) (a,6)(zi,Z2,Z3,Z4,Z5) = (azi, az2, 0623, 624, azs), 
for a,be C/(l). 

We consider the following loops in the Hamiltonian group of M 

iptiz] = [zie'^''^\ Z2, Z3, Z4, ip[[z] = [zi,Z2e^'''*, 23,^4,2:5], 
0f[z] = [zi, 22,236^''"*, 24,25]. 
In [S] (Remark in Section 4) we gave formulas that relate the characteristic numbers 
associated with these loops 

/(^)=/(^') = (-l/3)/(^). 

So for b= (61,62, 63) 

(4.14) /(7/.b) = (foi+&2-363)/(V^). 

By Proposition [in] the vanishing of I{iph) in (|4.14p is equivalent to the fact that 
(A, b) is a mass linear pair. This equivalence is a particular case of Theorem 
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